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Abstract. We compute the dipole of the galaxy correlation function at 1-loop in per-
turbation theory by including all the relevant relativistic contributions. This provides
a description and understanding of what the dipole truly measures, in particular in re-
lation to the gravitational redshift effect in Large Scale Structure. In order to develop
this perturbative approach we have computed for the first time the relevant relativistic
corrections to third order in perturbation theory, including the corresponding non-linear
galaxy bias model. This perturbative approach agrees on a wide range of scales with
good accuracy with previous numerical results based on geodesic light tracing in N-body
simulations. Previous claims of gravitational redshift detection may have neglected sev-
eral relativistic effects which are comparable with the amplitude of gravitational redshift
around 10 Mpc/h scales and which complicate the gravitational redshift interpretation
of the measurement.
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1 Introduction
The two-point correlation function is a fundamental quantity to describe the statistical
proprieties of Large Scale Structure (LSS) of our universe. In predicting the amplitude
and the shape of the two-point correlation function we need to carefully consider that
we observe galaxy clustering through photons which have travelled in a clumpy universe
and which are affected by the motion and the gravitational potential of the source. In
first approximation the mapping between real and redshift space is described by the
so-called Kaiser Redshift-Space Distortions (RSD) [1]. The anisotropy induced by RSD
gives rise to non-vanishing quadrupole and hexadecapole (even multipoles). Beyond the
standard Kaiser approximation several other effects appear in linear theory, by describing
galaxy clustering in a relativistic framework [2–5]. All the effects beyond the Kaiser
approximation are suppressed at least by a factor H/k, where H is the comoving Hubble
parameter, or integral along the line-of-sight, such as lensing magnification. Interestingly,
it has been first noticed in Ref. [6] that by considering two different galaxy populations
the terms proportional to H/k lead to an imaginary part of the cross power spectrum, or
odd multipoles of the correlation function [7]. Indeed, peculiar velocities and gravitational
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redshift break the symmetry along the line of sight sourcing non-vanishing odd multipoles.
Therefore, measurements of odd multipoles will provide a measurement1 of relativistic
effects on the past light-cone.
Within linear perturbation theory the dipole is sourced only by the so-called Doppler
effect, while the gravitational redshift effect vanishes due to the Euler equation which gov-
erns the galaxy motion through the Equivalence Principle. In this view the measurement
of the dipole of the correlation function may provide a test of the Equivalence Principle
on cosmological scales, see Ref. [12]. In recent years different groups have claimed a
detection of gravitational redshift effects on cluster scales [13] and in LSS on even larger
scales [14]. These measurements have inspired numerous discussions on what one is ac-
tually measuring [15–17], and have shown that several terms of the same order of the
gravitational redshift have been ignored in the cluster work. Recently this issue has been
also studied through light-tracing in newtonian N-body simulation [18], but a theoretical
description and understanding in a relativistic framework is still missing. Measurements
of relativistic effects through odd multipoles of the 2-point function are limited by shot-
noise and systematic effects. However, upcoming surveys, like DESI [19], Euclid [20],
LSST [21] and others, will be able to detect them with a sufficient statistical significance
for a detection. From this point of view it is worth investigating a theoretical description
of what the dipole of the correlation function truly measures beyond the linear regime.
The gravitational redshift is one of the first prediction of General Relativity (GR) [22],
and its first measurement has been performed in the late 50s [23]. The first pioneering
theoretical work in a cosmological framework date back to Ref. [24]. The gravitational
redshift provides a direct and independent measurement of the gravitational potential
(and its spatial derivatives). In order to use gravitational redshift measurement to test
the theory of gravity or the Equivalence principle on cosmological scales, we need to fur-
ther understand what are the main sources of the dipole of the correlation function at
the corresponding scales. It is worth reminding that a measurement of the gravitational
redshift probes the same metric potential which determines the motion of galaxies [16].
Hence, it provides a test of the Equivalence Principle. Gravitational redshift measure-
ments can yield to a test of gravity if combined with weak lensing, which probes the Weyl
potential. While we know that the gravitational potential is exactly canceled by the ac-
celeration of galaxy motion on linear scales [4, 5] (through Euler equation) and that the
amplitude of gravitational potential on cluster scales is comparable to peculiar velocity
and light cones effects [15–17], we lack comprehensive description on intermediate scales.
In our work we provide a theoretical description of the dipole of the correlation
function at 1-loop within a relativistic framework. This will include both the effects of
peculiar velocities and gravitational potentials. We expect the linear approximation to fail
at the scales comparable to the claimed detection of gravitational redshift on LSS (around
10 Mpc), and we know that on linear scales the gravitational potential does not induce
any effect on the dipole of the correlation function. To achieve this task it is not enough to
use the second order relativistic effects derived in Refs. [25–27], but we need to compute
as well the relevant relativistic effects to third order in perturbation theory. Whenever
possible we compare with the simulations of Ref. [18] showing an excellent agreement at
any scale. This agreement also provides a solid confirmation of the correctness of our
derivation of relativistic effects to third order in perturbation theory, that we derive in
this work for the first time.
1Due to wide-angle effects, part of the quadrupole, sourced by RSD, leaks in the dipole [8–11]. The
amplitude of this effect is strongly sensitive to the definition of the dipole angle [8].
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The paper is organized as follows: in Section 2 we summarize the relativistic num-
ber number counts at different orders in perturbation theory, leaving its derivation in
Appendix A and B. In Section 3 we compute the dipole at 1-loop and we show our nu-
merical results in Section 4. In Section 5 we discuss previous results and in Section 6 we
conclude. We leave the extension to further effects such magnification and evolution bias
to Appendix C.
2 Number counts
We define the fluctuation of galaxy number counts ∆ in terms of the observable redshift
z and the photon direction n as
∆ (n, z) ≡ n (n, z)− 〈n〉 (z)〈n〉 (z) (2.1)
where < .. > denotes the average over directions n at fixed observed redshift z, and
n (n, z) = dN/dz/dΩ is the number density of sources per redshift and solide angle. We
are interested in computing the next-to-leading order dipole of the relativistic galaxy
number counts. This requires to go up to third order in perturbation theory,
〈∆ (n1, z1) ∆ (n2, z2)〉 ' 〈∆(1) (n1, z1) ∆(1) (n2, z2)〉
+ 〈∆(2) (n1, z1) ∆(2) (n2, z2)〉
+ 〈∆(1) (n1, z1) ∆(3) (n2, z2)〉+ 〈∆(3) (n1, z1) ∆(1) (n2, z2)〉 . (2.2)
In our work we will neglect terms integrated along the line of sight like lensing magnifi-
cation and Integrated Sachs-Wolf (ISW) effects, supported by results of previous work in
terms of dipole of the correlation function [7, 10, 18].
We expand the correlation function2 in terms of multipoles as
ξ (d) =
∑
`
ξ` (d)L` (−d · n) (2.3)
where d is the separation vector between the two sources. It is convenient to define the
multipole expansion of the power spectrum through
P` (k) =
2`+ 1
2
∫ 1
−1
P (k, µ)L` (µ) dµ (2.4)
where L` denotes the `-order Legendre polynomials and µ = −n · kˆ. In flat-sky approxi-
mation, the multipoles of the correlation function and of the power spectrum are simply
2The correlation function can be expressed directly in terms of observables coordinates
ξ (z1, z2, cos θ = n1 · n2) = 〈∆ (n1, z1) ∆ (n2, z2)〉 .
By assuming a fiducial cosmological model we can rewrite it in terms of more convenient coordinates
(d, µ˜, r), where they denote respectively the pair separation, the angle between the line of sight and the
pair separation vector, and the mean comoving distance. For the sake of simplicity we will often omit
the explicit dependence on the mean comoving distance r.
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related by3 [28]
ξ` (d) = i
`
∫
dk
2pi2
k2P` (k) j` (kd) (2.5)
where j` indicates the spherical Bessel function of order `.
Being interested in the dipole, we observe that only the terms in the power spectrum
P (k, µ) which exhibit odd parity in µ can lead to a non-vanishing dipole. We remark that
this is true only on flat-sky approximation and neglecting the effect of redshift evolution,
as assumed through our work. As shown in Refs. [8–11], beyond flat-sky approximation
part of the quadrupole leaks into the dipole. Nevertheless the quadrupole, as any even
multipole, is dominated by well-known Newtonian terms and we therefore do not need to
derive further relativistic corrections. In Section 5 we compare its contamination to the
relativistic dipole defined through [7]
ξwide1 (d) = −
2
5
f∆b1
d
r
∫
dk
2pi2
k2P (k) j2 (kd) , (2.6)
where f denotes the growth rate and ∆b1 is the linear bias difference between two galaxy
populations. In our work we consider as relativistic corrections all the terms which are
suppressed by a spatial derivative in real space, or a coefficient H/k in Fourier space, with
respect to the standard Newtonian perturbation theory. It is convenient to introduce a
counting scheme in terms of the power of the coefficient H/k. While our derivation
does not assume any specific theory of gravity (our results apply to any metric theory
of gravity under the assumption of conservation of the number of photons) we consider
the density fluctuation δ and the peculiar velocity v to be parametrically related to the
metric potential φ through
δ ∼ (k/H)2 φ and v ∼ (k/H)φ (2.7)
as predicted by Poisson and Euler equations. Under this scheme we can expand the
number counts in terms of standard Newtonian terms ∆N and relativistic corrections ∆R
as
∆(n) = ∆
(n)
N + ∆
(n)
R +O
(
(H/k)2) , where ∆(n)R ∼ (H/k) ∆(n)N . (2.8)
Since pure Newtonian terms do not lead to a non-vanishing dipole we need to compute
correlation between ∆N and ∆R. Further relativistic corrections, that we neglect, are
suppressed by an additional factor (H/k)2. Given that our counting scheme is based on
the number of spatial derivatives, terms of the order (H/k)2 are expected to carry an
even parity with respect to µ.
In next section we summarize the results of relativistic corrections up to third order
in perturbation theory. We leave the derivation to the Appendixes A and B.
3The sign related to the imaginary unity i depends on the Fourier convention, on the definition of d
and the power spectrum normalization. We adopt the following Fourier convention
f˜ (k) =
∫
d3xf (x) eik·x , f (x) =
∫
d3k
(2pi)
3 f˜ (k) e
−ik·x .
We will consider the distance from source A to source B, i.e. d = xB − xA, and the power spectrum
given by 〈∆A (k) ∆B (k′)〉 = (2pi)3 PAB (k) δD (k+ k′).
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2.1 First order
Linear relativistic corrections to galaxy number counts have been first computed in
Refs. [2–5] and then generalised to non-flat geometries [29] and vector perturbations [30].
This expression reads as
∆(n, z) = bδ +H−1∂rv|| + (5s− 2)
∫ r
0
r − r′
2rr′
∆Ω(Φ + Ψ)dr
′
+
(
H˙
H2 +
2− 5s
rH + 5s− fevo
)
v||
+ (fevo − 3)HV + (5s− 2)Φ + Ψ +H−1Φ˙ + 2− 5s
r
∫ r
0
dr′(Φ + Ψ)
+
(
H˙
H2 +
2− 5s
rH + 5s− fevo
)(
Ψ +
∫ r
0
dr′
(
Φ˙ + Ψ˙
))
, (2.9)
where D denotes the density fluctuation in comoving gauge, v|| = n·v and v is the peculiar
velocity in Newtonian gauge, Φ and Ψ are the two Bardeen potentials and V is the velocity
potential defined through v = −∇V . A dot refers to the partial time derivative and the
integrals are along the past light-cone. We define the comoving Hubble parameter with
H = a˙/a and the comoving distance with r. The dark matter perturbations are related
to galaxies through three bias parameters: a galaxy bias b, a magnification bias
s = −2
5
∂ln n¯ (z, lnL)
∂lnL
∣∣∣∣
L¯
(2.10)
where L¯ denotes the threshold luminosity of a given survey and n¯ the background number
density, and an evolution bias
fevo = 3− (1 + z) dln n¯
dz
(2.11)
which parametrizes the deviation from number conservation of sources in a comoving
volume.
According to our counting scheme we define
∆
(1)
N = bδ +H−1∂rv|| , (2.12)
∆
(1)
R =
(
H˙
H2 +
2− 5s
rH + 5s− fevo
)
v|| . (2.13)
The Newtonian part simply includes density perturbations with the redshift-space dis-
tortion effect under the Kaiser approximation [1]. The relativistic term describes the
so-called Doppler effect which has been already studied in the recent literature [6–
10, 18, 28, 31–34]. We remark that in Eq. (2.9) we have assumed that galaxies follow
geodesic through the Equivalence Principle. As a consequence, if galaxies are subject
to acceleration, their light-cone velocity differs from the fixed time velocity, and at the
leading order this happens to be exactly the same as the gradient of the gravitational
potential, since the latter is the source of the acceleration. As pointed out by Ref. [12],
relativistic effects provide a solid test of the Equivalence Principle and geodesic motion
of galaxies at cosmological scales.
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We remark again that we ignore the terms integrated along the line of sight. This
includes also the lensing effects which is parametrically of the same order as the Newtonian
terms. Nevertheless, the line of sight integral reduces its amplitude and therefore it is
comparable to other terms only for surveys with a very poor redshift resolution and
at very high redshift. In particular for photometric surveys it has been shown that
a lack of lensing parametrisation can bias the cosmological parameter estimation [35],
in particular for models beyond General Relativity (GR) [36, 37]. In general for large
radial correlations, lensing magnification becomes the largest term in the 2-point function.
Hence, a correlation measurement of well-separated sources provides a measurement of
such effect [38]. Nevertheless its impact on spectroscopic surveys is negligible, as shown
in terms of dipole of the correlation function in Refs. [7, 10].
2.2 Second order
Recently, several groups have derived independently the galaxy number counts to second
order, including all the relativistic effects [25–27]. Since the full expression is extremely
long we present here just the relevant terms which dominate the dipole. Given that there
is no general consensus on the results of these differing derivations, we have re-derived
the dominant relativistic corrections through a simple approach. Interested readers can
look at Appendix A for the derivation. Here we summarize the results:4
∆
(2)
N = δ
(2)
g +H−1∂rv||(2) +H−1∂r
(
v||δg
)
+H−2∂r
(
v||∂rv||
)
, (2.14)
∆
(2)
R =
(
H˙
H2 +
2− 5s
Hr + 5s− fevo
)
v||(2) +
(
1 + 3
H˙
H2 +
4− 5s
Hr + 5s− 2fevo
)
H−1v||∂rv||
+
(
H˙
H2 +
2− 5s
Hr + 5s− fevo
)
v||δg −H−1v||δ˙g + 2H−1va∂av||
+H−2ψ∂2rv|| +H−1ψ∂rδg −H−2v||∂2rψ . (2.15)
The Newtonian part agrees with standard perturbation theory, as shown in Ref. [39]. We
also need to introduce a consistent galaxy bias expansion to second order, see Ref. [40]
and references therein,
δ(1)g = b1δ , (2.16)
δ(2)g = b1δ
(2) +
1
2
b2
(
δ2−〈δ2〉)+ bK2 ((Kij)2−〈(Kij)2〉)
= b1δ
(2) +
1
2
b2δ
2 + bK2 (Kij)
2 − σ2
(
b2
2
+
2
3
bK2
)
, (2.17)
where5
Kij (k) =
[
kikj
k2
− 1
3
δij
]
δ (k) (2.18)
4We omit the magnification bias induced by the luminosity dependence of galaxy bias, for more details
see Appendix C.
5Following the short notation of Ref. [40] we denote
K2 ≡ (Kij)2 ≡ tr (KK) = KijKji .
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and
σ2 ≡
∫
d3q
(2pi)3
P (q) . (2.19)
The last line of the relativistic part, Eq. (2.15), depends explicitly on the gravitational
potential. Indeed, even when applying Euler equation, the observable number counts
beyond the linear order depend on the metric perturbations at the source position.
2.3 Third order
We have computed the number counts to third order in perturbation theory considering
all the relativistic effects suppressed by a single factor H/k with respect to the Newtonian
contribution. The detailed calculation can be found in Appendix B, here we summarize
the results we will use in the rest of the paper:
∆
(3)
N = δ
(3)
g +
∂rv
(3)
||
H +
[H−1∂r (v||δg)](3) + [H−2∂r (v||∂rv||)](3)
+
1
6
H−3∂3rv||3 +
1
2
H−2∂2r
(
δgv||2
)
, (2.20)
∆
(3)
R =
{(
v
(3)
|| +
[
v||δg
](3))( H˙
H2 +
2− 5s
Hr + 5s− fevo
)
+
(
1 + 3
H˙
H2 +
4− 5s
Hr + 5s− 2fevo
)
H−1 [v||∂rv||](3) −H−1 [v||δ˙g](3)
+2H−1 [va∂av||](3) +H−2 [ψ∂2rv||](3) +H−1 [ψ∂rδg](3) −H−2 [v||∂2rψ](3)}
+3H−3∂rv||
(
∂2rv||ψ − v||∂2rψ
)
+H−3v||
(
∂3rv||ψ − v||∂3rψ
)
+H−2ψ∂2r
(
v||δg
)−H−2∂2rψ (v||δg)+ 13H2∂2r (v||3)
(
1 +
3H˙
H2 +
3
Hr −
3
2
fevo
)
+
1
2H∂r
(
v||2δ
)(
1 + 3
H˙
H2 +
4
Hr − 2fevo
)
− 1H2∂r
(
v||2δ˙
)
− 1
2H2∂
2
r
(
v||vava
)− 1H∂r (δvava) + 12Hv2∂rδ + 2H2∂r (∂av||vav||) . (2.21)
We remark that the terms in the curly brackets in Eq. (2.21) correspond to the higher
order contribution of the same operators defined in Eq. (2.15). We also consistently
extend the bias expansion to third order
δ(3)g = b1δ
(3) + b2δδ
(2) +
1
6
b3δ
3 + 2bK2KijK
(2)
ij + bK3 (Kij)
3 + bδK2δ (Kij)
2 + btdO
(3)
td (2.22)
where
O
(3)
td =
8
21
KijDij
(
δ2 − 3
2
(Kij)
2
)
(2.23)
and Dij is defined through Kij = Dijδ. Assuming that the comoving number of sources
is conserved we can derive the evolution of b1 and b2, see Ref. [41]
b˙1 = (1− b1) fH (2.24)
b˙2 =
(
−2b2 − 8
21
+
8
21
b1
)
fH (2.25)
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and as well relate all other biases to b1 and b2
bK2 = −2
7
(b1 − 1) , (2.26)
bδK2 =
1
21
(7b1 − 6b2 − 7), (2.27)
bK3 =
22(b1 − 1)
63
, (2.28)
btd =
23
42
(b1 − 1) . (2.29)
In this way at any order n in perturbation theory we have n independent bias parameters.
2.4 Re-normalization
Combining the bias expansion and perturbation theory to third order we encounter some
unphysical divergences. These can be cured by re-nomarlizing the operators and by
absorbing the divergences in the physical bias parameters.
We consider the re-normalization of the following matter perturbations [41, 42]
[
δ2
]
= δ2 − σ2
(
1 +
68
21
δ
)
, (2.30)[
δ3
]
= δ3 − 3σ2δ, (2.31)[
(Kij)
2] = (Kij)2 − 2
3
σ2
(
1 +
68
21
δ
)
, (2.32)[
O
(3)
td
]
= O
(3)
td −
32
63
σ2δ . (2.33)
Therefore for the galaxy density perturbations we find
[δg] = δg − δσ2
(
68
21
(
b2
2
+
2
3
bK2
)
+
b3
2
+
32
63
btd +
2
3
bδK2
)
= δg − δσ2
(
b3
2
− 22b1
189
+
10b2
7
+
22
189
)
, (2.34)
where we have defined6
R = H˙H2 +
2
Hr . (2.35)
We can absorb these divergences as counterterms in
∆(1) ' δ(1)g +H−1∂rv||+Rv||(1) + counter terms
=
(
b1 − σ2
(
b3
2
− 22b1
189
+
10b2
7
+
22
189
))
δ +H−1∂rv|| +Rv|| . (2.36)
3 1-loop corrections
Once derived the number counts to third order in perturbation theory, including the
relevant relativistic effects, we can compute the next-to-leading order power spectrum.
6Form this point on we will neglect magnification and evolution biases. The results can easily be
generalised to include these effects.
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We write the observed number count fluctuations as
δs (k, t) =
∞∑
n=1
Dn1 (t)
∫
d3k1...d
3kn [δD]n (Zn (k1, ...,kn) + Sn (k1, ...,kn)) δ1 (k1) ...δn (kn)
(3.1)
where the kernels Zn denote the standard Newtonian part (∆
(n)
N ), Sn the leading rela-
tivistic effects (∆
(n)
R ), D1 is the linear growth factor and [δD]n = δD (k− k1 − ...− kn).
The leading order power spectrum (which induces a non-vanishing dipole) is then
P (11) (k, µ) =
[
ZA1 (k)S
B
1 (−k) + SA1 (k)ZB1 (−k)
]
P (k, z)
=
[−ZA1 (k)SB1 (k) + SA1 (k)ZB1 (k)]P (k, z) =
=
[
−i∆b1RfµH
k
− σ2µH
k
ifR
(
22
189
∆b1 − 10∆b2
7
− ∆b3
2
)]
P (k, z) . (3.2)
We remark again that the relativistic effects lead to an imaginary cross power spectrum, as
pointed out by Ref. [6]. The subscripts A and B denote two different galaxy populations
and we have introduced the following notation
∆bi = b
A
i − bBi and ∆b12 = bA2 bB1 − bA1 bB2 . (3.3)
Clearly, being the dipole proportional to the difference of the bias coefficients, a single
tracer does not lead to a non-vanishing dipole. As we will see in Eqs. (3.7-3.8) this
holds also beyond the leading order. Indeed, to have a non-vanishing dipole we need to
have an asymmetry along the line of sight, which can not be sourced by a single tracer7.
As expected, we see that the relativistic power spectrum is suppressed by factor a H/k
with respect to the matter power spectrum. Beyond leading order we have two different
contributions in the form of P 22 (k, µ) and P 13 (k, µ) and both of them are quadratic in
the matter power spectrum. These can be expressed as
P 22 (k, µ) = 2
∫
d3q
(2pi)3
[−ZA2 (q,k− q)SB2 (q,k− q) + SA2 (q,k− q)ZB2 (q,k− q)]
P (q)P (|k− q|) , (3.4)
P 13 (k, µ) = 3P (k)
∫
d3q
(2pi)3
[− (ZA1 (k) + SA1 (k)) (ZB3 (k,q,−q) + SB3 (k,q,−q))
+
(
ZB1 (k) + S
B
1 (k)
) (
ZA3 (k,q,−q) + SA3 (k,q,−q)
)]
P (q) . (3.5)
At this point we derive the dipole of the power spectrum, through the definition
Eq. (2.4). At leading order we have
P
(11)
1 (k) =
[
−i∆b1RfH
k
− σ2H
k
ifR
(
22
189
∆b1 − 10∆b2
7
− ∆b3
2
)]
P (k, z) . (3.6)
The next-to-leading order dipole contributions are given as follow
P
(22)
1 (k) = ΩM
H
k
i
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2,∆b12}
∆b J∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|)
7We are neglecting evolution effects, which can effectively produce an asymmetry along the line of
sight [7, 10, 32]. A non-vanishing dipole can also be sourced by geometrical wide-angle effects for a single
tracer, if it is defined with respect to an angle which effectively breaks the symmetry along the radial
direction [8, 11].
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+
H
k
i
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2,∆b12}
∆b I∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) (3.7)
P
(13)
1 (k) = ΩM
H
k
iP (k)
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2,∆b12}
∆b J∆b13
( q
k
)P (q)
+
H
k
iP (k) ∆b1
∫
d3q
(2pi)3
I∆b113
( q
k
)
P (q)
+
H
k
iP (k)σ2
 ∑
∆b={∆b1,∆b2,∆b3}
∆b K∆b13
 (3.8)
where J∆b22 , I
∆b
22 , J
∆b
13 , I
∆b
13 are defined in Appendix D. We have also separated the contri-
bution induced by gravitational potential terms, where the matter density parameter ΩM
appears through the Poisson equation. We remark that the last line of Eq. (3.8) vanishes
together with the last line of Eq. (3.2), leading to a total finite result.
4 Numerical results
We evaluate numerically the dipole of the correlation function computed in the previous
section. We use the following cosmology8: h = 0.72, ΩM = 0.25733, Ωb = 0.04356. The
primordial curvature power spectrum is determined by σ8 = 0.801, the spectral index
ns = 0.963 and no running. The matter power spectrum is computed with class [43, 44].
To be as general as possible we plot separately the terms involving the different
bias coefficients. From Fig. 1 we notice that the contribution proportional to ∆b1 of the
gravitational potential is always subdominant. This is due to Equivalence Principle, as
via the Euler equation there are no terms of the form ∇Ψ. The gravitational potential
enters only coupled to density or velocity perturbations. Several of the terms do not
lead to any dipole because they are even in the bias parameters. We also notice that
amplitudes of different 1-loop corrections are comparable to linear theory at scale about
k ∼ 0.15h/Mpc at z ∼ 0.3 and k ∼ 0.2h/Mpc at z ∼ 1, as expected since this is where
power per mode is roughly unity. We clearly see that there are strong cancellations
between P 131 and P
22
1 which suppress the 1-loop corrections. This is expected and indeed
acts as a check of our relativistic derivation to third order in perturbation theory.
It is interesting to observe the redshift dependence of the next-to-leading order
correction with respect to the linear prediction. While we do expect non-linearity to
grow with time, the pre-factor (Hr)−1 of the linear dipole is becoming larger at low
redshift. Because of that, the dipole is less affected by 1-loop correction at late time
when compared to even multipoles. The amplitude of 1-loop corrections are only weakly
redshift dependent. Consequently also the gravitational potential terms become more
relevant (with respect to the terms dominated by peculiar velocities) at higher redshifts.
By using Eq. (2.5) we can show, see Fig. 2, the 1-loop corrections also to the dipole of
the correlation function. Through the mass-dependence of the local halo-bias parameters
it is possible to rewrite b2 as a function of b1. We adopt the numerical fit provided by
8In order to compare, whenever it is possible with Ref. [18], we adopt the same cosmology.
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Figure 1. We plot the absolute value of the dipole of the power spectrum at three different
redshifts: z = 0.341 (top), z = 0.5 (center), z = 1 (bottom). We show separately the terms
proportional to ∆b1 (left), ∆b2 (center) and ∆b12 (right). Different colours refers to: linear
dipole (black), P 131 (red) and P
22
1 (orange) which depends on the gravitational potential and
their sum (brown), P 131 (blue) and P
22
1 (green), which do not depend on the gravitational
potential and their sum (gray).
Ref. [45]
b2 (b1) = 0.412− 2.143b1 + 0.929b21 + 0.008b31 . (4.1)
Therefore we can now plot, see Fig. 3, the dipole of the correlation function just as a
function of the local bias parameters b1 for the two galaxy populations. As pointed out
by Ref. [18], on small scales the dipole does not scale simply as the difference between
bA1 and b
B
1 , but it depends explicitly on the amplitude of the two bias parameters. As
shown in the next section, our perturbative approach recovers the correct dependence on
the values of the two biases bA1 and b
B
1 on small scales. From Fig. 3 we see that the terms
induced by peculiar velocity (blue) are severely suppressed when going to higher redshift
as compared to the gravitational terms (red). This behavior is caused by the presence
of the prefactor (Hr)−1 which dominates the peculiar velocity terms. This indicates
that galaxy samples at higher redshift are more suitable for searching of detection of
the gravitational redshift effect on LSS, if the linear dipole can be properly subtracted.
The terms induced by the gravitational potentials are purely geometrical and independent
from any values of evolution or magnification biases. In fig. 3 we show how the amplitudes
of the dipole induced by velocity effects depend on evolution bias fevo ∈ [−3, 3]. We see
that around 10 Mpc/h the amplitude of the relativistic dipole induced by peculiar velocity
is comparable to the effect induced by gravitational redshift. Therefore, any attempt of
detecting gravitational redshift on LSS scales needs to consider the impact of relativistic
– 11 –
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Figure 2. We plot the dipole of the correlation function at three different redshifts: z = 0.341
(top), z = 0.5 (center), z = 1 (bottom). We show separately the terms proportional to ∆b1
(left), ∆b2 (center) and ∆b12 (right). We adopt the same colors scheme of Fig. 1.
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Figure 3. We plot the dipole of the correlation function at three different redshifts: z = 0.341
(left), z = 0.5 (center), z = 1 (right) for the local bias parameters bA1 = 2.08 and b
B
1 = 1.07,
by adopting Eq. (4.1). Black line denotes the linear dipole, red includes all the terms involving
gravitational potential, and blue all the other terms. Dashed (solid) lines include (neglect) the
non-linear velocity dispersion parameter, see Appendix E. The black and blue regions represent
the dipole for different values of fevo ∈ [−3, 3] .
effects and requires as well an accurate knowledge of evolution and magnification biases.
5 Comparison to previous works
In order to compare with previous results, in particular with Ref. [18], we recompute the
dipole of the correlation function without assuming the Euler equation. Clearly the total
dipole will not change, but this allows us to more fairly compare to other works. It is
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important to remark that while the total dipole does not change on whether we adopt or
not the Euler equation, the relative relevance of the terms induced by the gravitational
potential does change. Fig. 4 shows the comparison between the different contributions
to the dipole without assuming Euler equation. By comparing with fig. 3, we clearly
see that the amplitude of the gravitational redshift is enhanced and the peculiar velocity
suppressed. Therefore, not accounting for the Euler equation leads to an overestimation
of the amplitude of the gravitational redshift. In fig. 5 we compare with Ref. [18] the full
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Figure 4. We plot the dipole of the correlation function without assuming Euler equation
at three different redshifts: z = 0.341 (left), z = 0.5 (center), z = 1 (right) for the local bias
parameters bA1 = 2.08 and b
B
1 = 1.07, by adopting Eq. (4.1). Black line denotes the linear dipole,
red includes all the terms involving gravitational potential, and blue all the other terms. Dashed
(solid) lines include (neglect) the non-linear velocity dispersion parameter, see Appendix E. The
gray line represents the (linear) wide angle effect computed with Eq. (2.6).
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Figure 5. We plot the full next-to-leading order dipole of the correlation function (left panel)
and the contribution induced by the gravitational potential (right panel) at z = 0.341. We
compare it with the numerical results of Ref. [18] (from which we have subtracted their linear
theoretical predictions). Dashed (solid) lines include (neglect) the non-linear velocity dispersion
parameter, see Appendix E.
next-to-leading order dipole (left panel) and the contribution induced by the gravitational
potential (right panel). We remark that we neglect some effects with respect to the
numerical analysis of Ref. [18], as for instance the evolution effects. This may impact the
accuracy of the full dipole comparison. If we focus only on the gravitational potential
term, our results agree with very good accuracy with the results based on light-tracing N-
body simulation developed in Ref. [18], by introducing a single EFT-inspired parameter
in order to capture the non-perturbative behaviour on small scales (see Appendix E).
To confirm that our formalism is capturing also the correct bias dependence we further
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Figure 6. We plot the contribution of the gravitational terms to the dipole of the correlation
function at 1-loop. The different panels represent different bias combinations at z = 0.341.
We compare our results (red lines) with Ref. [18]. Red dashed (solid) lines include (neglect)
the non-linear velocity dispersion parameter, see Appendix E. The gray dashed line is the
theoretical prediction of gravitational redshift following Ref. [46], as computed in Ref. [18]. In
the comparison with the numerical results of Ref. [18] we have subtracted their linear theoretical
predictions.
compare, see fig. 6, the gravitational redshift effect for different combinations of bias
values. Indeed, while on linear scale the bias expansion is described by the linear bias b1,
on smaller scales a proper description requires a higher order bias expansion. Due to the
relation between the different bias parameters, provided by the numerical fit (4.1), the
dipole of the correlation function is not simply proportional to the bias difference beyond
linear scales, but it depends explicitly on the biases of the two galaxy populations.
The good agreement with simulations provides a strong support in favour of the
correctness of the 1-loop corrections we have computed in our work. In particular, our
results seem in a better agreement with numerical predictions with respect to previous
analytical model of Ref. [46], which seems to overestimate the amplitude by about a
factor of two, as shown in Ref. [18]. It is worth remarking that in our work, and in
Ref. [18], we include all the terms induced by the gravitational potential on the dipole of
the correlation function. These terms are derived in a relativistic framework by solving
the geodesic equations. In Ref. [46] and afterwards in Refs. [14, 47, 48] the Authors
simply consider the difference in the gravitational potential at different source positions,
by ignoring all the other relativistic contributions involving the gravitational potential.
It is important to remark that in order to achieve a good agreement between our
perturbative approach and numerical simulations, we need to include the velocity disper-
sion as predicted by the non-linear matter power spectrum. The correction to the velocity
dispersion can be interpreted as an EFT parameter and its value fitted with simulations,
see Appendix E for detailed implementation. In our work we show that with a single free
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parameter (to account for the non-perturbative effects on small scales) we achieve a good
agreement on a large range of scales.
6 Conclusions
In this work we derived the dipole of the correlation function at 1-loop including the
relevant relativistic effects. We computed for the first time the leading relativistic cor-
rections to third order in perturbation theory. Our results agree with very good accuracy
with previous numerical results based on N-body simulations [18]. This provides a solid
confirmation of the validity of our perturbative approach. To achieve this agreement we
need to introduce an EFT-inspired free parameter, that we fit with simulations provided
by Ref. [18] in order to capture the non-perturbative effects on small scales. Since the rel-
ativistic effects are induced by the perturbative solution of geodesic equations, the range
of validity of our perturbative expansion is limited to the weak field approximation9.
Our results show that if we assume the Euler equation dictated by the Equivalence
Principle, the amplitude of the dipole sourced by the gravitational potential is comparable
to, or smaller, than other effects induced by peculiar velocities, at least on large scales
where the PT approach is valid (scales larger than 5− 10Mpc/h). This complicates the
interpretation of these measurements, as the measurement of gravitational redshift from
LSS [14]. Indeed, the amplitude of several peculiar velocity contributions to the dipole (at
any order) depends on different bias coefficients (clustering, magnification and evolution)
of the two populations. Therefore, an unbiased measurement of the gravitational redshift
effect on LSS requires an accurate prior knowledge of all these bias parameters. For this
purpose, the measurement of the linear dipole can provide some useful information on
magnification and evolution biases.
We stress that due to the cancellation between the gradient of the gravitational
potential and the acceleration of galaxy motion induced by the Euler equation, the am-
plitude of the 2-point function proportional to the linear bias is suppressed and therefore
a non-linear bias model is required to properly describe the gravitational redshift effect.
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A Derivation of second order number counts
We derive the relativistic number counts to second order in perturbation theory. Differ-
ently from previous derivations we consider terms only up to first order in the relativistic
expansion parameter H/k neglecting integrated terms. This at the same time simplifies
the cumbersome calculation to second order (see previous results in literature [25–27])
and captures the relevant terms which lead to a non-vanishing dipole.
To derive the galaxy number counts in terms of observable quantities n and z,
we need to perform a change of coordinates. Considering that the density of sources
9We also assume the local bias expansion.
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transforms as a scalar density field we have to combine a density and a volume part
transformations. To linear order this is simply given by a linear combination of them
∆(1) (n, z) = δz (n, z) +
δV (1) (n, z)
V¯ (z)
(A.1)
where δz (n, z) denotes the density redshift and δV
(1) (n, z) the volume perturbations,
whereas V¯ (z) is the background volume element. At second order (omitting the sub-
script (1) when obvious) we have
∆(2) (n, z) = δ(2)z (n, z) +
δV (2) (n, z)
V¯ (z)
+ δz (n, z)
δV (n, z)
V¯ (z)
−〈δ(2)z (n, z)〉 − 〈
δV (2) (n, z)
V¯ (z)
〉 − 〈δz (n, z) δV (n, z)
V¯ (z)
〉 . (A.2)
We consider a metric in Poisson gauge
ds2 = a2
[− (1 + 2Ψ) dt2 + (1− 2Φ) (dr2 + r2dΩ)] (A.3)
where we expand the metric perturbations as
Ψ = Ψ(1) + Ψ(2) + Ψ(3) and Φ = Φ(1) + Φ(2) + Φ(3) . (A.4)
Different gauges will only induce terms suppressed at least by (H/k)2 and therefore
negligible in our approximation.
We remark that we do not consider perturbations of the line of sight direction n. It is
well known that perturbations of the line of sight are induced by the gradient of the lensing
potential and they affect the matter power spectrum, see Ref. [49, 50]. Nevertheless this
is orthogonal to the line of sight direction and therefore we do not expect to produce any
relevant asymmetry along the radial direction which can source a dipole. This is also
consistent with our approximation scheme which neglects metric perturbation integrated
along the line of sight. Relativistic corrections to galaxy clustering involving gravitational
potential terms have been computed beyond linear theory in Refs. [25–27] (at second
order) and [51, 52] (at third order).
A.1 Density perturbation
We start considering the density redshift perturbation by comparing the observed fluc-
tuation of number of galaxy with its theoretical description
δz (n, z) ≡ ρobs (n, z)− 〈ρobs (n, z)〉〈ρobs (n, z)〉 =
ρ (n, z¯)− 〈ρ (n, z¯)〉
〈ρ (n, z¯)〉 (A.5)
where z¯ represents a background redshift 1 + z¯ = 1/a(t) of a theoretical model built to
fit the observations. To second order we obtain
δ(1)z (n, z) + δ
(2)
z (n, z) =
ρ¯
(
z − δz(1) − δz(2))+ δρ(1) (n, z − δz(1))+ δρ(2) (n, z)
〈ρ¯ (z − δz(1) − δz(2)) + δρ(1) (n, z − δz(1)) + δρ(2) (n, z)〉 − 1
=
ρ¯ (z)− dρ¯
dz
(
δz(1)+δz(2)
)
+ 1
2
d2ρ¯
dz2
(
δz(1)
)2
+δρ(1) (n, z)− dδρ(1)
dz
δz(1)+δρ(2) (n, z)
ρ¯ (z) + 1
2
d2ρ¯
dz2
〈(δz(1))2〉 − dρ¯
dz
〈δz(2)〉 − 〈dδρ(1)
dz
δz(1)〉+ 〈δρ(2) (n, z)〉
− 1 , (A.6)
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and therefore
δ(1)z (n, z) = δ
(1) − 1
ρ¯
dρ¯
dz¯
δz(1) , (A.7)
δ(2)z (n, z) = δ
(2) − dδ
dz¯
δz − 1
ρ¯
dρ¯
dz
δ δz +
1
2ρ¯
d2ρ¯
dz2
(δz)2 − 1
ρ¯
dρ¯
dz
δz(2)
−〈δ(2) − dδ
dz¯
δz − 1
ρ¯
dρ¯
dz
δ(1)δz +
1
2ρ¯
d2ρ¯
dz2
(δz)2 − 1
ρ¯
dρ¯
dz
δz(2)〉 . (A.8)
We need at this point to compute the redshift perturbation, starting from the redshift
definition
1 + z =
kµuµ|s
kµuµ|o
(A.9)
where the 4-velocity field is determined by
(uµ) = a−1
(
1− ψ(1) + 1
2
v2 +
3
2
ψ2 − ψ(2),v(1) + v(2)
)
, (A.10)
such that uµuµ = −1, and kµ = dxµ/dλ is the light-like 4-vector along the photon geodesic
path and λ is the associated affine parameter. Before solving the geodesic equation to
obtain kµ, we derive also the volume contribution in terms of redshift perturbation δz.
This helps us to understand at which order in the relativistic expansion parameter k/H
we need to solve the geodesic equations.
A.2 Volume perturbation
Following the approach of Ref. [4] we start considering an infinitesimal volume element
around the source defined by10
dV =
√−gµναβuµdxνdxαdxβ = v (z, θ, ϕ) dzdθdϕ (A.11)
where
vobs (z, θ, ϕ) =
√−gµναβuµ∂x
ν
∂z
∂xα
∂θ
∂xβ
∂ϕ
=
[
a3r2 sin θ
]
(z¯)
{(
1 +
v||2
2
+
v2⊥
2
)
dr(z¯)
dz
+
(
v||(1)(z¯) + v||(2)(z¯)
) dt(z¯)
dz
}
=
[
a3r2 sin θ
]
(z¯)
{
dr
dz¯
(
1− dδz
(1)
dz
− dδz
(2)
dz
+
v||2
2
+
v2⊥
2
)
+
(
v||(1) −
dv||
dz
δz + v||(2)
)
dt
dz¯
(
1− dδz
(1)
dz
)}
=
[
a4r2 sin θ
H
]
(z¯)
{(
1− dδz
(1)
dz
− dδz
(2)
dz
+
v||2
2
+
v2⊥
2
)
−
(
v||(1) −
dv||
dz
δz(1) + v||(2)
)(
1− dδz
(1)
dz
)}
= v¯(z)
(
1− 1
v¯
dv
dz
(
δz(1) + δz(2)
)
+
1
2v¯
d2v¯
dz2
(δz)2
)
10The angles θ and ϕ describe the angular position in the sky of the source: n = n (θ, ϕ)
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(
1− dδz
(1)
dz
− dδz
(2)
dz
+
v||2
2
+
v2⊥
2
− v||(1) + v||dδz
dz
+
dv||
dz
δz(1) − v||(2)
)
,
(A.12)
where we have introduced v¯ = a4r2H−1 sin θ. In this derivation we have already neglected
the subleading contribution of the metric perturbation in the determinant of the metric
g and in the 4-velocity uµ. Linear order metric perturbations Ψ and Φ are suppressed
with respect to δ(2) by (H/k)4 and second order gravitational potential Ψ(2) and Φ(2) by
(H/k)2. We also did not consider the angular Jacobian∣∣∣∣∂ (θs, ϕs)∂ (θo, ϕo)
∣∣∣∣ , (A.13)
since this term leads to the lensing magnification and we neglect it in the current deriva-
tion.
Considering that we can rewrite the derivative with respect to the redshift as
d
dz
=
dt
dz
∂t +
dxi
dz
∂i (A.14)
we observe that we need to derive δz at least at the order (H/k)2. Clearly for the terms
which involve an integral along the line of sight we need to consider only the ones at least
of the order H/k.
A.3 Redshift perturbation
In order to find the redshift perturbation we need to solve the geodesic equation
dkµ
dλ
+ Γµνρk
νkρ = 0 , (A.15)
where Γµνρ are the Christoffel symbol of the metric (A.3). At the background we simply
have (
k¯µ
)
=
1
a(t)2
(1,−1, 0, 0) . (A.16)
To linear order we first remark that ka⊥ is described by the transversal gradient of the
lensing potential. As previously motivated, we do not consider perturbation of the line
of sight direction n and therefore we set ka⊥ = 0 to any order. As we will see at the end
of this section, this ansatz will reproduce the leading terms of the linear [4, 5] and second
order [27] galaxy number counts derived in the literature. Hence, we find to first order
(kµ)(1) ' 1
a(t)2
(−2Ψ,Ψ− Φ, 0, 0) (A.17)
and to second order
(kµ)(2) ' 1
a(t)2
(−2Ψ(2),Ψ(2) − Φ(2), 0, 0) . (A.18)
By normalizing the affine parameter λ such that uµkµ|o = −1 we compute the
redshift perturbation
1 + z = − kµuµ|s ' (1 + z¯)
(
1 + (kµuµ)
(1) (z¯) + (kµuµ)
(2) (z¯)
)
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' (1 + z − δz(1) − δz(2))(1 + (kµuµ)(1) (z)− δz(1) d
dz
(kµuµ)
(1) (z) + (kµuµ)
(2) (z)
)
,
(A.19)
from which it follows
δz(1) = (1 + z) (kµuµ)
(1) (z) ' − (1 + z) (Ψ + v||) , (A.20)
δz(2) = (1 + z)
(
(kµuµ)
(2) (z)− δz(1) d
dz
(kµuµ)
(1) (z)
)
' − (1 + z)
(
−1
2
v||2 + Ψ(2) − 1
2
v2⊥ + v||
(2) − dv||
dz
δz−dΨ
dz
δz
)
+ v||δz + Ψδz
' − (1 + z)
(
v||(2) + Ψ(2) − v
2
2
+H−1v||∂rΨ + v||2
)
. (A.21)
Combining all the parts together we find Eq.(2.14) and
∆
(2)
R =
(
−1 + H˙H2 +
2
Hr − fevo
)
v||(2) +
(
−2 + 3 H˙H2 +
4
Hr − 2fevo
)
H−1v||∂rv||
+
(
−1 + H˙H2 +
2
Hr − fevo
)
v||δ −H−1v˙||(2) − 2H−2∂rv||v˙|| − 2H−2v||∂rv˙||
−H−1v˙||δ −H−1v||δ˙ +H−1va∂av|| +H−2Ψ∂2rv|| +H−1Ψ∂rδ
+H−1∂rΨ(2) + 2H−2∂rv||∂rΨ +H−1δ∂rΨ +H−2v||∂2rΨ . (A.22)
We then assume that galaxies move along geodesics as a pressure-less fluid satisfying the
Euler equation11
v˙||(1) +Hv||(1)−∂rΨ = 0 , (A.23)
v˙||(2) +Hv||(2) − v||∂rv|| + va⊥∂av||−∂rΨ(2) ' 0 . (A.24)
Combining these with Eq. (A.22) and adding magnification bias as shown in Appendix C,
we obtain Eq. (2.15).
B Derivation of third order number counts
In this section we derive the number counts to third order in perturbation theory including
all the relativistic effects up to linear order in H/k. We follow and extend the same
procedure successfully used to second order in the previous section. We can write the
number counts as
∆(3) (n, z) = δ(3)z (n, z) + δ
(2)
z (n, z)
δV (n, z)
V¯ (z)
+ δz (n, z)
δV (2) (n, z)
V¯ (z)
+
δV (3) (n, z)
V¯ (z)
. (B.1)
By extending Eq. (A.6) up to third order we find
δ(3)z (n, z) = δ
(3) −
(
δ(2)δz(1) + δ(1)δz(2) + δz(3) − δz2 dδ
dz
)
1
ρ¯
dρ¯
dz
− δz(2) dδ
dz
11Consistently with the approximation scheme used in our work we consider only terms up to H/k.
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+(
1
2
δ(1)δz2 + δzδz(2)
)
1
ρ¯
d2ρ¯
dz2
− 1
6
δz3
1
ρ¯
d3ρ¯
dz3
− δz dδ
(2)
dz
+
1
2
δz2
d2δ
dz2
. (B.2)
In order to compute the volume and the redshift perturbations we need to extend the
peculiar velocity to third order, under the normalization condition uµuµ = −1,
(uµ)(3) = a−1
(
−Ψ(3) − v2
(
Φ +
Ψ
2
)
+ 3ΨΨ(2) − 5
2
Ψ3 + v · v(2),v(3)
)
. (B.3)
Following Eq. (A.12) we find the volume perturbation
δV (3) (n, z)
V¯ (z)
' −dδz
(3)
dz
− v||(3) + (1 + z)−1
(
4− H˙H2 −
2
Hr
)(
δz(3) − δz(2)dδz
dz
− δz dδz
(2)
dz
)
(1 + z)−1H−1
(
∂rv||(2)δz + ∂rv||δz(2) − ∂rv||δz dδz
dz
)
+v||(2)
dδz
dz
+ v||
dδz(2)
dz
− δz
2
2H2 (1 + z)2∂
2
rv|| . (B.4)
Then, by solving the geodesic equation to third order we find at the relevant order in
relativistic correction
(kµ)(3) ' 1
a(t)2
(−2Ψ(3),Ψ(3) − Φ(3), 0, 0) . (B.5)
Observing that only the time component of (kµ)(3) plays a role in determining the fol-
lowing redshift perturbation, we obtain
δz(3) = (1 + z)
(
(kµuµ)
(3) (z)− δz(2) d
dz
(kµuµ)
(1) (z)− δz(1) d
dz
(kµuµ)
(2) (z)
+
1
2
δz2
d2
dz2
(kµuµ)
(1)
)
' − (1 + z)
(
v||(3) + Ψ(3) − v(1) · v(2) +H−1v||∂rΨ(2) + 1
2H2v||
2∂2rΨ
+H−1v||(2)∂rΨ + 2v||v||(2)
)
. (B.6)
Combining these results we find Eq. (2.20) and
∆
(3)
R =
1
2H3∂
3
r
(
v||2Ψ
)− 1
2H3∂t∂
2
rv||
3 +
1
H2∂
2
r
(
Ψv||δ
)
+
1
H2
[
∂2r
(
Ψv||
)](3) − 1
2H2∂
2
r
(
v||v2
)
− 2H2∂t∂r
(
v||v||(2)
)− 1H2∂t∂r (δv||2)− 1H∂r (v · v(2))− 12H∂r (δv2)+ 1H [∂r (δΨ)](3)
+
1
H∂rΨ
(3) − 1H
[
∂t
(
δv||
)](3) − 1H v˙||(3) + (v||(3) + [δv||](3))
(
−1 + H˙H2 +
2
Hr − fevo
)
+
1
H2∂r
(
∂rv||v||2
)(
3
H˙
H2 +
3
Hr −
3
2
fevo
)
+
1
H∂r
(
v||v||(2)
)(−1 + 3 H˙H2 + 4Hr − 2fevo
)
1
H∂r
(
δv||2
)(−1
2
+
3
2
H˙
H2 +
2
Hr − fevo
)
. (B.7)
Then by using Euler Eqs. (A.23), (A.24) and
v˙||(3) +Hv(3)|| +
(
v(2)
)a
∂av|| + va∂av
(2)
|| − v||∂rv(2)|| − v(2)|| ∂rv|| − ∂rΨ(3) ' 0 (B.8)
we obtain Eq. (2.21).
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C Magnification bias
The magnification bias accounts for the fact that we observe only galaxies above a given
luminosity threshold L, i.e
n (n, z, > L) = n
(
n, z, > L¯
)
+ ∆L
[
∂n
∂L
]
L=L¯
+
1
2
∆L2
[
∂2n
∂L2
]
L=L¯
+
1
6
∆L3
[
∂3n
∂L3
]
L=L¯
.
(C.1)
At constant flux the luminosity and the distance are related through
L ∝ d2A , (C.2)
therefore (δL(i) = ∆L(i)/L¯ and δd(i) = ∆d(i)/d¯ )
δL(1) → 2δd(1), (C.3)
δL(2) → (δd(1))2 + 2δd(2), (C.4)
δL(3) → 2δd(1)δd(2) + 2δd(3) . (C.5)
We consider that the most relevant contribution to the distance is given by the peculiar
motion of the source
δd(i) '
(
1
Hr − 1
)
v||(i) . (C.6)
Hence only the first order in the Taylor expansion (C.1) leads to relevant terms. This
leads to
∆(1) (n, z, > L) = ∆(1)
(
n, z, > L¯
)
+ 2
(
1− 1Hr
)
Qv|| , (C.7)
∆(2) (n, z, > L) ' ∆(2) (n, z, > L¯)+ 2δd(1)(∂∆(1)
∂lnL
)
L=L¯
− 2Q (δd(2) + δd(1)∆(1))
' ∆(2) (n, z, > L¯)+ 2(1− 1Hr
)
Q
(
v
(2)
|| + δgv|| +
v||
H∂rv||
)
−2
(
1− 1Hr
)
v||
(
∂∆(1)
∂lnL
)
L=L¯
, (C.8)
∆(3) (n, z, > L) ' ∆(3) (n, z, > L¯)+ 2δd(1)(∂∆(2)
∂lnL
)
L=L¯
+ 2δd(2)
(
∂∆(1)
∂lnL
)
L=L¯
−2Q (δd(3) + δd(2)∆(1) + δd(1)∆(2))
' ∆(3) (n, z, > L¯)− 2(1− 1Hr
)
v||
(
∂∆(2)
∂lnL
)
L=L¯
−2
(
1− 1Hr
)
v
(2)
||
(
∂∆(1)
∂lnL
)
L=L¯
+2Q
(
1− 1Hr
){
v
(3)
|| + v
(2)
||
(
δg +
1
H∂rv||
)
+v||
(
δ(2)g +H−1∂rv||(2) +H−1∂r
(
v||δg
)
+H−2∂r
(
v||∂rv||
))}
, (C.9)
where we have defined
Q ≡ −
(
∂lnn¯
∂lnL
)
L=L¯
=
5
2
s . (C.10)
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By considering that the dark matter density and velocity perturbations are independent
from the luminosity, we have(
∂∆N (1)
∂lnL
)
L=L¯
' δ
(
∂b1
∂lnL
)
L=L¯
, (C.11)(
∂∆N (2)
∂lnL
)
L=L¯
' δ(2)
(
∂b1
∂lnL
)
L=L¯
+
1
2
δ2
(
∂b2
∂lnL
)
L=L¯
+ (Kij)
2
(
∂bK2
∂lnL
)
L=L¯
+H−1∂r
(
v||δ
)( ∂b1
∂lnL
)
L=L¯
. (C.12)
D Dipole kernels
We define explicitly the function introduced in Eqs. (3.7-3.8) for the next-to-leading order
dipole, where12 r = q/k and x = kˆ · qˆ:
J∆b122 (r, x) =
9f 2 (r2 (12x4 − 2x2 − 5) + 2rx (6− 11x2) + 8x2 − 3)
140r2 (r2 − 2rx+ 1)2 ,
+
f
140r2 (r2 − 2rx+ 1)2
[
32r4
(
2x2 + 1
)− 32r3x (4x2 + 5)
+r2
(
6x2 − 1) (38x2 + 37)+ 6rx (19− 64x2)+ 135x2 − 48]
+
(2r2 − 4rx+ 3x2 − 1) (r (2rx2 + r − 3x) + 1)
7r2 (r2 − 2rx+ 1)2 , (D.1)
J∆b222 (r, x) = −
3f (4r (2rx2 + r − 3x) + 3)
20r2 (r2 − 2rx+ 1) , (D.2)
J∆b1222 (r, x) = −
3 (r (2rx2 + r − 3x) + 1)
4r2 (r2 − 2rx+ 1) , (D.3)
I∆b122 (r, x) =
f 3
35Hr2R (r2 − 2rx+ 1)2
(
2r2x4(H(5− 6R)R + 6)
− (r2 + 2)x2(H(6R− 5)R− 6) + 3r2(H(R− 2)R− 1)
+5rx3(H(6R− 5)R− 6) + 7HrRx− 3HRR−HR + 3)
+
f 2 (2rx2 + r − 3x) (r (8r2 − 16rx+ 42x2 − 13)− 21x) (H(2− 3R)R + 2)
210Hr2R (r2 − 2rx+ 1)2
−fR (r (10x
2 − 3)− 7x) (r (16r2 − 32rx+ 42x2 − 5)− 21x)
294r2 (r2 − 2rx+ 1)2 , (D.4)
I∆b222 (r, x) =
f 2 (2rx2 + r − 3x) ((3R− 2)HR− 2)
10rH (r2 − 2rx+ 1)R +
f (6rx2 + r − 7x)R
14r (r2 − 2rx+ 1) , (D.5)
I∆b1222 (r, x) =
f (r (2x2 − 1)− x)R
2r (r2 − 2rx+ 1) , (D.6)
J∆b113 (r) =
3f 2
70r2
+
f
(
−6r7 − 32r5 − 98r3 + 3 (r2 − 1)3 (r2 + 8) log
(
r+1
|1−r|
)
+ 48r
)
560r5
,(D.7)
J∆b213 (r) =
9f
10r2
, (D.8)
12To avoid confusion we indicates with R the comoving distance through Eqs. (D.1-D.13)
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J∆b1213 (r) =
3
2r2
, (D.9)
I∆b113 (r) = f
2 3HR (R− 2)− 2
280r5HR
(
3
(
r2 + 2
) (
r2 − 1)3 log( |r − 1|
r + 1
)
+2r
(
3r6 − 2r4 + 41r2 − 6))
+
fR
(
3 (2r2 + 1) (r2 − 1)3 log
(
|r−1|
r+1
)
+ 2r (6r6 − 13r4 + 30r2 − 3)
)
168r5
+
2f 3(HR(3R− 1)− 3)
15r2HR , (D.10)
K∆b113 =
22
189
fR , (D.11)
K∆b213 = −
10
7
fR , (D.12)
K∆b313 = −
1
2
fR . (D.13)
E Velocity dispersion
We remark that linear theory underestimates the velocity dispersion
σ2v ≡
∫
d3q
(2pi)3
P (q)
q2
. (E.1)
For instance, the velocity dispersion predicted by linear theory is suppressed with respect
to Halofit [53] by a factor∼ 0.74 at low redshift, because the non-linear spectrum enhances
power on small scales with respect to the linear power spectrum. To account for this effect
we introduce an additional EFT-inspired parameter σ0 through
σ2v → σ2v + σ20 . (E.2)
In our work we fit for σ0 by comparing with the simulations of Ref. [18].
The kernels J∆b213 and J
∆b12
13 are directly proportional to σ
2
v , therefore it is enough to
multiply their contributions by the ratio
((
σLinv
)2
+
(
σSim0
)2)
/
(
σLinv
)2 ∼ 2. The kernels
J∆b113 and I
∆b1
13 have a less trivial scale-dependence. From fig. 2 we notice that the con-
tribution of J∆b113 is completely negligible, and so we focus on I
∆b1
13 only. As we show in
fig. 7, its behaviour in the mildly nonlinear regime is fully captured by its limit solution
I∆b113 →
f 3((6R− 2)HR− 6)
15r2HR +
f 2((3R− 2)HR− 2)
5r2HR +
Rf
3r2
for q  k . (E.3)
Hence, every kernel which contributes to P13 can be simply considered to be proportional
to the velocity dispersion (E.1). In figs. 3 and 4 we extrapolate the value of σSim0 to
higher redshifts than the simulations of Ref. [18] by considering the redshift evolution of
the velocity dispersion. Therefore, this stands as a first approximation due to the lack of
relativistic simulations available at those redshifts.
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Figure 7. We show the ratio between the contribution to the dipole of the kernel I∆b113 compared
to its limit solution (E.3).
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